Pioneer 10/11 clock acceleration from Schwarzschild metric and Flyby
  energy Increase by Wong, C. C.
ar
X
iv
:1
90
7.
01
39
5v
2 
 [g
r-q
c] 
 5 
Ju
l 2
01
9
Pioneer 10/11 clock acceleration from Schwarzschild metric and Flyby energy Increase
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We find that a velocity dependent component from the Schwarzschild metric factor could lead to a
significant clock acceleration when the spacecraft has a sufficiently large radial velocity. For Pioneer
10, this acceleration is about 40% of the observed acceleration with a nearly annual oscillation
amplitude with a correct order of magnitude. For Pioneer 11, we show that the ”On-Set” is caused
by the flyby energy Increase to the spacecraft.
PACS numbers: ??
INTRODUCTION
The Pioneer 10/11 Anomaly poses an interesting challenge to the understanding of gravity [1]-[3]. It is found
that the radio tracking data (where a ground based signal is sent to the space-craft which records the frequency and
re-transmits the signal back to Earth) from the Pioneer 10 and 11 spacecraft show a small anomalous blue-shifted
frequency drift at an uniform changing rate (Eq.(15) of [2])
µ˙ =
µobs − µs
∆t
= 6× 10−9Hz/s, (1)
where µobs is the observed frequency, µs is model frequency, ∆t is the time lapsed between measurements.
Another way to interpret the frequency drift is by the existence of a constant acceleration directed towards
the Sun, [2]
ap = 8.74± 1.33× 10−10m/s2. (2)
For Pioneer 10 at 20AU, the solar radiation pressure acceleration starts to come below 5× 10−10m/s2, this is where
data collection and analysis start, see Fig.6 [2]. Pioneer 11 data collection and analysis start much sooner in the
mission. After observing the On-Set of the anomalous acceleration of Pioneer 11, data from Pioneer 10 mission is
studied to provide a more complete picture of the anomalous acceleration.
In addition, there are special features in the acceleration data which provide useful constraints on the origins
of anomaly. A) From Fig. 7 of [2] one notes that the unmodelled acceleration for Pioneer 11 has a ”On-Set”
behaviour near Saturn at 9.38 AU. (This Onset behaviour is in itself a topic of investigation[4]-[5].) B) There is also
a nearly annual oscillation with amplitude of 0.215 ± 10−10m/s2 (subsection IX. C in [2] and subsection 2.2 in [6])
most probably due to earth’s orbiting around the Sun.
Because of the large thermal source (up to 2KW) in the spacecraft’s equipment compartment, an asymmetri-
cal thermal radiation of 65W away from the sun direction will be able to explain the observed acceleration. In [7],
the authors can account for upto 80% of the acceleration, using a model of the recoil force associated with emission
of thermal radiation off the space-craft. There are however reservations about the size of contributions of the thermal
recoil force [6] . Also the thermal radiation pressure does not seem to address directly the concern of the Pioneer
11 ” On-Set” behaviour near Saturn. Thus there remains a serious interest to find a non-thermal source which can
provide a similar order of magnitude acceleration as that of the ap in Eq.(2) .
From [2] when a planet experiences a small, anomalous, radial acceleration ap, its orbital radius rp is perturbed by
an amount
∆rp =
h6ap
(GM)4
→ −rap
aN
, (3)
where h is the orbital angular momentum per unit mass and aN is the Newtonian acceleration at rp.
It was pointed out in [2] that if the acceleration ap is univeral, it would produce a change of the planetary
2orbital radius, which for Earth is −21km and for Mars is −76km. Observationally this is not the case from the
Viking observations [16]-[17], where both Earth and Mars orbital radius are accurate down to 100-150m respectively.
As the authors in [2] note that a true gravitational acceleration on rp of space-crafts would be a significant violation
of the Equivalence Principle at solar system scale. There is a large body of subsequent work which excludes this
possibility. See both Iorio [3] and [6] and references therein.
Anderson et.al. [2] proposes another possibility which is a clock acceleration such that
µobs = µs(1 + 2at∆t); ap = cat, (4)
where c is the speed of light, so that at needs to be of order O(H0) and H0 is the present value of Hubble’s constant.
There are different ways to obtain clock acceleration. A common approach is described in [8]. More specifically, given
that proper speed of light is defined in the Friedmann-Robertson-Walker (FRW) metric in proper time τ and proper
distance ρ so that
ds2 = c2dτ2 − a(τ)2dρ2, (5)
where a(τ) is the scale factor. If one works with a metric with coordinate time t (in this case the DSN frame), such
as the Schwarzschild metric with coordinate time t, distance r and solid angle Ω
ds2 = Zc2dt2 − 1
Z
dr2 − r2dΩ2. (6)
At zero radial speed r˙ = cdr/ds = 0, we have the relation between the clocks (see for example [9])
dτ2 = Zdt2. (7)
(We note that for a cosmological constant Λ ∼ 10−35s−2, Eq.(5) can be written in Eq.(6), with the metric factor
Z =
(
1− Λ
3c2
r2
)
, (8)
where the Λ term at O(10−27) and is taken to negligible in solar system scales. Thus the proper time dτ is effectively
the same as the Minkowskian time dt )
One can also relate a local observer with clock in τ at a space-craft in a gravitational potential described by
a metric factor Z to the signal source at coordinate time t. For constant Ω, with slow speed motion r˙/c≪ 1 we have
from Eq.(6) (
dτ
dt
)2
= Z
(
1− 1
Z2
r˙2
c2
)
. (9)
For the Schwarzschild type metric factor
Z = 1 +
2Φ
c2
, (10)
with a weak potential Φ so that Φ/c2 ≪ 1, we have a clock rate difference Eq.(7)
dτ
dt
= Z1/2 =
(
1 +
Φ
c2
)
(11)
For a fixed wavelength, the clock rates difference can be understood in terms of an effective speed of light c(t) in
coordinate time t,
c(t) = cZ1/2 = c
(
1 +
Φ
c2
)
. (12)
This result is well established in Schwarzschild metric [8] [9] and in term of frequency µ = c/λ one has
µobs = µs
(
1 +
Φ
c2
)
. (13)
3Typically at this stage, to explain the Pioneer Anomaly new effects from the cosmological expansion are proposed.
In [8] the author proposes a cosmological (global) potential Φ which leads to a clock acceleration at ∼ O(H0), so that
ap = cat ∼ O(cH0). A similar idea is ”the theory of the inertial centers” [10], [11]. This idea argues that a photon
originates from DSN frame, which is essentially Schwarzschild, would travel in a different frame (usually expressible
through some effective metric) due to the expanding FRW background. There are different ways of constructing this
frame [10], [11], [12], [6], the resulting at seems to provide a significant portion of the anomaly. Works along this line
is still ongoing.
The two well known metrics to incorporate both the Schwarzschilds metric and the FRW metric are the
Einstein-Straus (ES) Swiss cheese metric [13] and the McVittie (McV) metric [14]. These are the main tools for
large scale (galactic, cluster) considerations (lensing, time-delay etc.) of a central mass in an expanding cosmological
backgorund. Since the solar system is considered to be located at the inside of a large galactic scale Einstein-Straus
vacuole, both ES and McV metrics have similar metric factor, if we take H20 = Λ/3
Z =
(
1− 2GM
rc2
− H
2
0r
2
c2
)
, (14)
That the McVittie metric takes the above form in solar system can be found in [15]. For slow speed motion and at a
relevant distance scale of Pioneer 10/11, r = 10AU (= 1.5× 1012m), we see that the effect of the Schwarschild term
is a factor of 10−9, whereas the effect of the FRW potential term will be a factor 10−28 which is relatively negligible.
In the Pioneer considerations, the One-trip Doppler formula for a source moving away from a source/observer
at velocity r˙p is (s for source)
µobs = µs
(
1− r˙p
c
)
. (15)
Taking into account the above considerations of clock difference c(t) = c(1 + Φ/c2) due to the content of the metric
factor Z, the Doppler formula becomes
µobs = µsZ
1/2
(
1− r˙p
c
)
= µs
(
1 +
Φ
c2
)(
1− r˙p
c
)
. (16)
Within this framework one can summarise the two approaches to understand the Pioneer anomaly.
The first approach is to assume that the Φ/c2 term above is time independent and to look for any unmod-
elled acceleration ap of the spacecraft speed (in the low speed limit)
r˙p = R˙+ ap∆t, (17)
where R˙ is the Newtonian velocity.
The second approach to assume that the unmodelled acceleration is negligible (that the r˙p/c term is nearly
constant) and look for an effective metric factor Z = (1 + 2Φ/c2) with a weak time dependent potential so that
c(t) = cZ1/2 = c
(
1 +
Φ0
c2
+ at∆t
)
;
1
c2
dΦ
dt
= at = O(H0), (18)
where Φ0 is the time independent part of the potential.
Since the current conclusion is that a large universal acceleration is problematic for the planet orbits, in this
work, we want to examine the effect the potential Φ/c2 on clock acceleration in the Pioneer anomaly.
Specifically, given H0 is the Hubble parameter, rp the position of the spacecraft, the slow speed energy equa-
tion (in an equatorial plane) is given by
1
2
r˙p
2 +
h2
2r2p
− GM
rp
− H
2
0r
2
p
2
= E0 (19)
4where E0 is the energy of the system.
As most of the Pioneer flight path data are given in terms of eccentrity e and true anomaly, we rewrite the
energy equation Eq.(19) as
r˙p
2 =
2GM
rp
(
1− l
2rp
+
rp
2l
(e2 − 1)
)
+H20r
2
p. (20)
We specify R = rp as the Newtonian distance and from Eq.(20) we have the Newtonian radial velocity R˙ given as
R˙2 =
2GM
R
(
1− l
2R
+
R
2l
(e2 − 1)
)
. (21)
which we write as
R˙2 =
2GM
R
(
1 +X
)
. (22)
where
X =
R
2l
(e2 − 1)− l
2R
. (23)
We see that X is given by the orbital eccentricity e and its angular momentum scale l.
Now we consider a two-way Doppler shift for a signal sent from Earth and retransmitted back from Pioneer
10. The relative velocity between Pioneer 10 and the Earth vp = r˙p − r˙E has magnitude r˙p − ˙rE when the sun, earth
and Pioneer are aligned, which we assume. We further assume that we can ignore r˙E since the secular increase of
AU has been studied quite extensively and one has observationally ˙rE ∼ 0.1rEH0 [19] which is 2 order of magnitude
smaller than H0rp(∼ 10rEH0).
CLOCK ACCELERATION
Since an universal acceleration is considered inconsistent with closed orbits observations, our best hope is in finding
a ”clock acceleration” from a physically reasonable origin. We note that in our consideration the position of the
space-craft is not stationary, we can separate out the time-dependent part by writing rp = rp0 + r˙p∆t and insert this
into the metric factor, we obtain
Z1/2 =
(
1 +
Φ(rp0)
c2
+
1
c2
dΦ
dt
∆t
)
;
dΦ
dt
=
dΦ
drp
drp
dt
; r˙p =
drp
dt
6= 0. (24)
Now Φ(rp0)/c
2 is the potential that depends on position alone. The potential in Eq.(19) is
Φ(rp)
c2
= −GM
rpc2
− H
2
0r
2
p
2c2
. (25)
The clock acceleration coming from the velocity dependent potential is given as
1
c2
dΦ(rp)
dt
=
(
GM
rpc2
− H
2
0r
2
p
c2
)(
r˙p
rp
)
. (26)
It is interesting to see that at rp = 20AU ∼ 3× 1012m, we obtain
GM
rpc2
∼ 10−9; H
2
0r
2
p
c2
∼ 10−28. (27)
5This confirms that at rp the Schwarzschild de-Sitter potential Φ/c
2 is dominated by the Schwarzschild term. It is easy
to see from Eq.(26) that for r˙p > 0, the Schwarzschild term also dominates dΦ/dt term and we write for simplicity
Φ(rp0) = Φ0;
1
c2
dΦ
dt
=
GM
Rc2
(
R˙
R
)
(28)
Recall that Eq.(16) the Doppler formula for a source moving away from a source/observer at velocity r˙p = R˙ is (s for
source)
µobs = µsZ
1/2
(
1− R˙
c
)
= µs
(
1 +
Φ0
c2
+
1
c2
dΦ
dt
∆t
)(
1− R˙
c
)
= µs + µs
Φ0
c2
− µs
(
1 +
Φ0
c2
)
R˙
c
+ µs
1
c2
dΦ
dt
∆t, (29)
here we drop the dΦdt
R˙
c ∆t term . The Doppler shift for the round trip is
µD = µobs − µs = µD(0) +AD (30)
where D for Doppler shift which is frequency difference and not baseline frequency.
µD(0) = −µs
2R˙
c
(
1 +
Φ0
c2
)
+ µs
2Φ0
c2
(31)
is the canonical Doppler shift, where the Schwarzschild potential Φ0 is of negative value, and
AD(t) = µs
2
c2
dΦ
dt
∆t (32)
is the (A for) anomalous blue Doppler shift (dΦ/dt > 0) and we have made the time dependence specific.
Taking the time derivative of Eq.(32), where R˙/c ∼ 10−4, the ”one-way” clock acceleration becomes
1
µs
dAD(t)
dt
= at =
ap
c
=
1
c2
dΦ
dt
=
GM
Rc2
(
R˙
R
)
(33)
We have a simple expression for the two-way acceleration
ap = 2
(
GM
R2
)(
R˙
c
)
. (34)
One notes that the one-way acceleration is simply the Newtonian acceleration times the ratio R˙/c. An immediate
consequence is that for closed planetary orbits where the radial velocity is very small compared to the light speed c,
this acceleration would be negligible. (For an estimate, the secular increase of planet earth gives R˙ = ˙rE ∼ 10−8m/s,
GM/R2 ∼ 10−2m/s2, we obtain ap ∼ 10−18m/s2.)
To see whether ap due to the Schwarzschild potential has the correct order of magnitude as observed, we
need to know R˙. From Eq. (22), we need to find the orbital eccentricity e and the angular momentum scale l. Using
the data from Table III [2] for Pioneer 10 for gravitational orbit with true anomaly ϕ as defined in the following
equation
rp =
l
1 + e cosϕ
, (35)
we obtain l = 2.074× 1020m at rp ≈ 40AU , so that one-way clock acceleration at is given
ap
c
= 0.494× 10−18s−1 ∼ O(H0) ∼ at (36)
which has the correct order O(H0). The 2-way acceleration due to Schwarzschild potential is
ap = c× 0.988× 10−18m/s2 = 2.96× 10−10m/s2. (37)
6This is of the same order of magnitude as the observed value in [2] and that of the thermal effect.
Assuming no loss of angular momentum we further calculate the 2-way acceleration at rp = 30AU (e = 1.22)
and at rp = 45AU (e = 1.733) and obtain
ap(30AU) = 3.75× 10−10m/s2; ap(45AU) = 2.43× 10−10m/s2 (38)
We see that the acceleration due to the Schwarzschild term persists at these distances. This acceleration is also
consistent with a constant (background) thermal radiation pressure acceleration of ap(thermal) ∼ 5.2 × 10−10m/s2
[7]. We note that ap(R, R˙) in Eq.(34) is consistent with the phenomenological clock acceleration proposals at(R) in
Section XI.D of [2].
THE NEARLY ANNUAL OSCILLATION IN ap
It was observed in subsection IX.C of [2] that there is a nearly annual oscillation in ap that ∆ap = 0.215± 0.022×
10−10m/s2. In [6], the Pioneer 10 oscillation amplitude is measured in Phase I (40AU-54AU) and the amplitude is
found dying out in phase III (≥ 60AU). The annual nature of the oscillation suggests that this effect is due to the
earth orbiting around the sun. Since rp = R used in the above calculations is the distance of the spacecraft from
the sun, while in fact we are taking measurements RE of the distance of the spacecraft from the earth. Crudely, we
should have RE = R(1± 1AUR ). One obtains a bound of oscillation amplitude ∆ap using Eq.(22) and Eq. (34)
ap(RE) =
2GM
R2Ec
√
2GM(1 +X)
RE
=
√
(2GM)3(1 +X)
c2
(
1
R5/2(1± 1AUR )5/2
)
= ap(R)∓∆ap(R) (39)
1
R5/2(1± 1AUR )5/2
≈ 1
R5/2
(
1∓ 2.5AU
R
)
(40)
We obtain
∆ap(R) = ap(R)
(
2.5
R
)
. (41)
Numerially, we see that
at R = 30AU , ∆ap(R) = 0.312× 10−10m/s2;
at R = 40AU , ∆ap(R) = 0.187× 10−10m/s2,
at R = 45AU , ∆ap(R) = 0.137× 10−10m/s2.
These oscillation amplitudes have the correct order of magnitude from observations and its decay toward
R = 60AU is due to both the decay of ap(R) and the factor R
−1.
THE ACCELERATION ON-SET
Another intriguing observation is that the unmodelled acceleration for Pioneer 11 has a ”On-Set” behaviour near
Saturn at 9.38 AU, which can be seen in Fig. 7 of [2]. This On-set behaviour is in itself a topic of investigation
[4]-[5]. Here we show that this On-set is caused by the energy transfer during the Saturn flyby.
From Eq.(34), we note that at any given distance R, the anomalous acceleration depends on the value of R˙,
which is depending on X(e, l). For an On-set in acceleration to happen, one requires an abrupt change in the value
of
√
1 +X.
We start with obtaining the total energy and orbital rotational energy of Pioneer 11 sufficiently far away ”after” the
Saturn On-set. From the data of Pioneer 11 at an escape orbit from Table III in [2], at R = 22.3AU = 3.35× 1012m,
we obtain l = h2/GM (in units of AU) and the total energy E0 of the orbit as follows,
l = R(1 + e cosϕ) = 4.4× 1012m = 29.3AU ; E0 = (e
2 − 1)GM
2l
= 53.95km2/s2. (42)
7From Fig. 2 of [20], by comparing with the path of Pioneer 10, we note that Pioneer 11 has a clear ”out-of-plane”
velocity vz which we shall estimate below from the Saturn flyby.
The details of the Pioneer 11’s encounter with Saturn can be found in [20]-[21]. The incoming Pioneer 11
reaches a near Saturn region at R = 7.509AU in August 1978. Using data in [21], we can calculate the eccentricity
to be 0.9919, with l = 6.34AU .
Pioneer 11 eventually reaches Saturn at 1979 September (rp ≈ 9.38AU) with an approximated closest ap-
proach of 24000km coming from a trajectory below the Saturn ring, which could be a source for non-orbital plane
velocity.
There is an increase of total energy and angular momentum (and rotational energy) from the Saturn orbit to
the spacecraft orbit during the encounter, which is described by the Jacobi Equation (cf. Eq.3 [20]) as follows, where
M is solar mass (
1
2
r˙2 +
h2
2r2
+
1
2
v2z
)
− GM
r
− GMsat
rs
= E0 = h
√
GM
r3
− C
2
(43)
where C is the Jacobi constant, MSat is the Saturn mass and rs is Pioneer 11’s distance from Saturn (centre of
mass). In the co-rotating plane of Saturn (where the Sun-Saturn line is fixed), the kinetic energy (per unit mass) in
the bracket of Eq.(43) depends on the radial velocity squared, the rotational energy and the out-of-plane velocity
squared.
From [20] Fig. 7, we read that the in-coming spacecraft has a total Kinetic energy per unit mass at 90km2/s2, with
potential energy due to Saturn at −20km2/s2, where potential energy due to the Sun is −94.5km2/s2 (at 9.38AU),
so that the total energy E0 = −25(±2)km2/s2
From Eq.(43) and value of −C/2 from [4] Fig. 7, for the incoming spacecraft we can estimate its l = h2/GM at the
flyby distance R = 9.38AU
l = R
(
97
94.5
)2
= 1.02R = 9.62AU (44)
(From [21], where the projected true anomaly is ϕ ≈ 900 which is consistent with Eq. (44).) The orbital rotational
energy of the spacecraft is given by
h2
2R2
= 48.2km2/s2 (45)
During the flyby energy increase which occurs maximally when the space-craft velocity is in line with Saturn’s velocity.
Pioneer 11’s trajectory is parallel to Saturn’s velocity and the space-craft’s radial velocity is effectively zero. This is
supported by an observed initial circular path around Saturn in [21]. From this we can assume that before the flyby,
the spacecraft Kinetic energy has only a small radial velocity component so that one can estimate the out of orbital
plane energy component as
∆E0 =
1
2
v2z ≤ (90− 48.2)km2/s2 = 41.8km2/s2. (46)
After the Saturn flyby, the spacecraft has both Kinetic energy and total energy increase by 80km2/s2. From the Jacobi
Equation Eq.(43), one sees that the energy increase is attributed to the increase of angular momentum (energy) only.
The total angular momentum increase after flyby is represented by
l = R
(
177
94.5
)2
= 32.9AU (47)
This is larger than the l = 29.3AU at 22.3 AU. (This is noted in [20] that as the total energy and angular momentum
are not constant of motion in this three-body consideration and they will reduce asymptotically to a two-body
trajectory values as the space-craft leaves the influence of the Saturn potential.)
8Recall that
X = (E0 −∆E0)
(
GM
R
)
−1
− l
2R
=
R
GM
(E0 −∆E0)− l
2R
(48)
Here we obtain the net total energy in the plane by subtracting the out-of-plane energy. We note that before the
flyby, the total energy E0 = −25km2/s2 which is negative, 1 +X ≪ 1 and the ap value is suppressed by the factor√
1 +X. However, after the flyby energy increase, E0 has increased by a significant amount (80 − 83km2/s2) and
the net total energy in the orbital plane becomes positive, one should expect to see noticable impact for acceleration
ap after the flyby.
We follow the factor
√
1 +X before and after the flyby. At an incoming point with R = 7.5AU , l = 6.34AU , taking
an estimate ∆E0 = 41.8km
2/s2 with the potential due to Saturn is negligible at this distance, we have
X(7.5AU) = −0.989;
√
1 +X(7.5AU) = 0.104 (49)
which leads to a suppression of ap. The estimate acceleration ap(7.5AU) ∼ 10 × 10−10m/s2 has the correct order
of magnitude. However, we note that had we taken E0 = −26km2/s2,
√
1 +X = 0.053 and for E0 = −27km2/s2
we would have 1 +X(7.5AU) < 0. Thus given the sensitivity of our energy estimates, we should not take the value
ap(7.5AU) too seriously apart from the observation that the factor
√
1 +X is dangerously close to zero (a circular
path) near the flyby region.
Immediately before the flyby energy increase at R = 9.38AU , here we need to include the Saturn potential
energy 20km2/s2 to that from the sun. We obtain
X(9.38AU) ≈ −1;
√
1 +X(9.38AU) ≈ 0, (50)
which maximally suppresses ap.
After the energy increase, the net energy term becomes 55km2/s2 − 41.8km2/s2 > 0. Since immediately af-
ter the flyby, there is an equal amount of increase in rotational energy (due to angular momentum increase), the
factor X remains unchanged and ap remains suppressed. However, from Eq.(48), the ”net total energy” term
E0 −∆E0 term is now positive and will increase as R increase while the l/2R term will decreases as R increases. To
see this numerically, at R = 22.3AU ,
X = −0.325;
√
1 +X = 0.821, (51)
here
√
1 +X provides much less suppression for radial velocity and we obtain
ap(22.3AU) = 5.65× 10−10m/s2. (52)
At this distance, we expect that the thermal radiation acceleration effect will be important.
At the distance R = 15AU , at long after the flyby energy and angular momentum increase, we assume that
the spacecraft is sufficiently escaped from the Saturn potential and that the space-craft already taken up the total
energy E0 and angular momentum at the values of R = 22.3AU , we find that
X = −0.752;
√
1 +X = 0.497, (53)
so that at this distance
√
1 +X no longer suppresses its radial velocity, and the factor
√
1 +X at above this distances
behaves smoothly. We obtain a significant acceleration value increase at
ap(15AU) = 9.46× 10−10m/s2. (54)
We note that at R = 15AU , the nearly annual ocillation amplitude is given as a factor of ±16% which is consistent
with observations in [2]. We show that the energy increase during the Saturn flyby will lead to the ”On-Set”
behaviour of Pioneer 11. Qualitatively speaking, at the flyby the space-craft orbit moves from a nearly circular orbit
with small radial velocity to a hyperbolic orbit with radial velocity increasing asymptotically towards a significant
value.
9CONCLUSION
We notice that the velocity dependent component of the Schwarzschild potential can lead to clock acceleration for
the spacecraft given that it has a significant radial velocity. This clock acceleration is the Newtonian acceleration
coupled with the ratio of the space-craft’s radial velocity with the speed of light. This acceleration also provides the
correct amplitude of the nearly annual acceleration oscillation as well as its decay pattern toward large distances.
For a closed orbit where the radial velocity is always small, this acceleration is negligible. For Pioneer 10, the size of
acceleration is about 40% of the observed blue-drift at radial distance 40AU. Thus it complements an upto ”60%”
acceleration contribution from the thermal pressure, as suggested in [7]. When the Pioneer 11 trajectory is still
elliptical, its total energy is negative and the radial velocity is small. After the spacecraft receives a significant energy
transfer during the Saturn flyby into an escape hyperbolic orbit, over time the positive total energy causes a boost
in its radial velocity and this effect provides an explanation for the sudden ”Onset” of the anomalous acceleration at
Saturn flyby. Test of the acceleration in Eq.(34) from other space mission data should be interesting.
Note: In a previous work [22], we find a viable ”one piece” metric (VMOND) between Schwarzschild and
FRW metric with the metric factor
Z = 1−
(√
2GM
rc2
−H0r
)2
. (55)
This term increases the galactic-cluster turnaround radius by a factor of 21/3 which accounts for the observed ΛCDM
turnaround radius violation [24] without needing to modify Einstein Gravity. This metric leads to a new acceleration
term that dominates over the Newtonian attraction when the central matter density is a fraction of the background
matter density, leading to a sufficient proto-galaxy growth rate without the need for additional matter [22]-[23].
Using Pioneer 10 data from Table III of [2], we obtain from Eq.(32) that the VMOND potential produces a
near constant blue shift at 0.104mm/s. This constant shift has similar order of magnitude as the observed shift in
Fig 7. of [2].
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